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We analyze the passage to a continuum limit of the mode spectrum of primordial perturbations
around flat cosmological spacetimes in hybrid Loop Quantum Cosmology, showing that this limit
can be reached even if one starts by considering a finite fiducial cell as spatial slice. We focus our
attention on regimes in which the background cosmology follows the effective dynamics of Loop
Quantum Cosmology, although we comment on extensions of our arguments beyond this regime, as
well as to some formalisms other than the hybrid approach. Whereas the perturbed system can be
described in an invariant way under changes of the fiducial volume using the standard variables of the
improved prescription for Loop Quantum Cosmology, we show that the desired continuum limit can
be established by means of scaling transformations of the physical volume when this volume grows
unboundedly. These transformations lead to a model with a continuum of modes and independent
of any scale of reference for the physical volume. For the sake of comparison, we also consider an
alternative road to the continuum in Fourier space that has been employed in geometrodynamics
and is based on the use of scaling transformations of the fiducial volume, together with variables
that are independent of them.
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2I. INTRODUCTION
The standard cosmological model is based on the principle [1] that, over sufficiently large regions (of the order of 100
Mpc), our Universe is homogeneous in average. This principle is supported by observations of the large scale structure
[2–4] and is consistent with the isotropy of the cosmic microwave background (CMB) [5] (usually complemented with
theoretical results about General Relativity for certain types of matter [6, 7]). This spacetime, homogeneous in
average, contains inhomogeneous structures that can be explained by the evolution of primordial fluctuations in the
early epochs of the Universe, amplified through a period of (exponentially) fast expansion that is known as inflation
[8, 9].
In the attempt to construct a quantum formalism for cosmology, the coexistence of this homogeneity with inho-
mogeneous perturbations has posed some subtle tensions for models with noncompact spatial sections, because the
integration over an entire spatial slice of the homogeneous degrees of freedom is proportional to the volume, that
diverges in the noncompact case. Inhomogeneous perturbations, on the other hand, can be described as fields, that
can be handled with due care over infinite sections of constant time. Notice that this kind of problems with integrals
over spatial sections appear, in one way or another, in all approaches to cosmology constructed from an action, both
with a Lagrangian or with a Hamiltonian formulation. Traditionally, this tension has been settled either by restricting
all considerations to models with compact sections, for which the spatial volume is finite, or by absorbing the spatial
volume in a redefinition of the action that rescales it. This latter line of action is in principle viable inasmuch as a
global multiplicative factor in the action does not modify the dynamics or the constraint algebra. In the Hamiltonian
formulation and for gravitational systems, that are totally constrained, it amounts to a scaling of the symplectic struc-
ture and of the Lagrange multipliers of the constraints (ignoring at this stage possible surface terms). For instance,
for models in vacuo the spatial volume can be absorbed by a redefinition of the Newton constant, that divides the
total action. This is usually the procedure in cylindrically symmetric gravity or with plane symmetry, for the sake
of some examples. In these cases, one adopts a redefined gravitational constant per unit length in the direction of
the cylindrical axis, or per unit area of the symmetry plane, respectively [10–12]. Out of the vacuum, the Newton
constant provides the coupling with the matter content, and is not a multiplicative constant anymore. But the pas-
sage to the quantum theory carries with it the introduction of a global constant that makes the action dimensionless,
e.g. to provide a phase that can be weighted in a path integral formulation, or simply to render dimensionless the
symplectic structure (namely, the structure that determines the Poisson brackets). In most scenarios, this constant
can be thought as the Planck constant. Absorbing the divergent spatial volume by redefining it might be considered
a sort of renormalization.
One of the most solid candidates to quantize gravity is the nonperturbative program for the canonical quantization
of General Relativity called Loop Quantum Gravity [13]. Its application to cosmology is known as Loop Quantum
Cosmology (LQC) [14–16]. LQC has reached notable success in the study of homogeneous (and isotropic) universes
[17–19], among which probably the most renamed is the resolution of the Big Bang singularity, which is replaced by
a bounce, in which quantum geometry effects behave as a repulsive gravitational interaction [14, 18]. In addition,
primordial perturbations have also been considered in LQC [20–30], and the possible consequences of a quantum
geometry on the CMB have been studied [31–38]. The strategy to cope with spatial integrals in LQC is a little bit
more elaborated than in other canonical approaches to quantum cosmology that are based on geometrodynamics. In
order to avoid divergences owing to infinite spatial volumes when considering homogeneous degrees of freedom, the
integrals are performed over a finite fiducial cell. For most practical purposes, this cell can be considered a compact
spatial manifold. But one requires that the physical results be independent of the choice of this cell. This is achieved
by redefining the basic variables, related to the densitized triad and the Ashtekar-Barbero connection [14], scaling
them by a power of the cell volume, in such a way that the new variables are genuinely canonical, with Poisson
brackets that, in particular, are invariant under changes of the cell. This choice of variables is accompanied with a
suitable election of edges for the basic holonomies, so that their elements can be expressed as functions of only the
scaled connection variable. This prescription for the construction of holonomies is usually called improved dynamics.
It ensures that the quantum geometry effects do not affect spacetime regions of low density, where the behavior of
the gravitational system should be (semi-)classical [18].
There exist different approaches for the treatment of perturbations around homogeneous LQC (see e.g. the review
in Ref. [16]). Two approaches that do not modify the standard ultraviolet behavior of the primordial fluctuations, are
in principle compatible with the observations of the CMB, and include quantum corrections that might be observable
in the future are the so-called hybrid [20, 21, 23, 36, 39] and dressed metric [27, 28, 31, 32] approaches. They share
in fact many similarities. Here, we will focus our analysis on the hybrid approach, and comment on the application
and extension of our discussion to the dressed metric case. In both cases, if one admits the restriction to a fiducial
cell, and imposes boundary conditions for the modes of the primordial perturbations that are consistent with this
spatial restriction (e.g. periodic conditions), one gets a quantized collection of modes, with wavenumbers that form
a discrete sequence. One would expect that the limit of a continuum of perturbative modes ought to be recovered
3in the limit of infinite volume for the fiducial cell. Nonetheless, if the formulation is truly independent of this cell,
as we have required, and this independence is maintained when the perturbations are included, we may wonder how
it is possible to define this continuum limit properly. The aim of this work is to clarify this issue and show that the
continuum limit in Fourier space is valid without the need to introduce any artificial scale in the system, something
that would have spoiled the independence on background quantities characteristic of LQG.
The modes of the gauge invariant perturbations, namely the tensor modes and, e.g., the modes of the Mukhanov-
Sasaki scalar (which are specially suitable in the case of flat spatial topology), propagate in the Early Universe subject
to dynamical equations that can be written like those of a harmonic oscillator with a time-dependent mass. When
one considers these modes in LQC, both in the hybrid and in the dressed metric approach, the evolution equations
remain of the same harmonic-oscillator type (at least in certain regimes), but the time-dependent masses change with
respect to General Relativity, incorporating corrections that are due to quantum geometry effects [40]. These corrected
masses are given by expectation values of some (few) operators on the quantum state of the geometry [23, 28, 31].
Furthermore, in homogeneous and isotropic LQC, there exists an ample family of states that remain peaked during the
whole of their evolution [14, 18, 41]. The trajectory of the peak follows the Einsteinian dynamics except in regions with
large matter density, equal or greater than some few percents of the Planck density [14]. For these large densities, the
evolution is modified by the quantum effects with respect to General Relativity, avoiding the cosmological singularity.
Nevertheless, the new trajectory still follows a Hamiltonian dynamics, described by a Hamiltonian constraint that
includes the quantum corrections in an effective way [14, 41, 42]. In interesting physical situations, the quantum state
of the geometry should be so well peaked on the solutions of this effective dynamics that, instead of dealing with
the quantum expectation values that determine the time-dependent masses of the perturbations, it should suffice to
approximate them with their effective counterpart, equal to the evaluation on the peak trajectory.
These effective equations for the perturbative modes have been the equations employed so far in the literature to
estimate the effects of LQC on the CMB [28, 31, 32, 36, 37]. The computation of the power spectra of the primordial
perturbations requires a numerical integration of these equations, something that in turn needs the integration of the
effective trajectory for the background homogeneous geometry. The scale invariance of the problem for flat topologies
in General Relativity, when one goes to the Fourier continuum, suggests that the final result in LQC should be
sensitive only to ratios of geometric scales in the proper continuum limit. Thus, one should be able to reach a limit
with a continuum of modes such the final physical equations don’t display any dependence on the absolute value of
the scale factor, but rather on its ratio at two instants of time. A possible choice of reference is the usual one in
cosmology: the present value of the scale factor. Another equally valid possibility is the value of the scale factor when
the bounce that replaces the Big Bang occurs. We notice that the existence of the two kind of scaling transformations
that we are commenting, namely a scaling of the fiducial volume of the cell chosen in LQC, and a scaling of the scale
factor of the geometry (which leaves invariant the ratio at two different times), were already pointed out in Ref. [14],
emphasizing the need to get a formulation with well-defined physical results in the limit in which the finiteness of the
cell is removed.
The rest of this work is organized as follows. In Sec. 2 we present our cosmological system and its perturbations,
summarizing well-known results both from General Relativity and from LQC. We will provide the relevant formulas for
the study of the background geometry and the gauge invariant perturbations. In addition, we will briefly explain the
differences in strategy and in the equations that result from LQC depending on whether one follows the hybrid or the
dressed metric approach, so that we can later discuss the continuum limit for the perturbative modes comparing the
situation in both cases. In Sec. 3 we show the invariance of the LQC formulation under changes in the fiducial volume
of the spatial sections, and investigate the behavior under the multiplication of the scale factor by a constant. In this
way, we are able to prove that one can reach a well-defined continuum limit for the modes of the perturbations. Then,
in Sec. IV we investigate an alternative route to this continuum, closer in spirit to a procedure adopted traditionally
in geometrodynamics, namely we absorb the spatial volume in a redefinition of the fundamental action constant of
the system (e.g. the Planck constant). We discuss some further aspects of our results and conclude in Sec. V. We set
the speed of light equal to one, as well as the Planck constant or, eventually, its effective counterpart when properly
explained.
II. MODE EQUATIONS
A. The classical perturbed cosmological system
Let us start by considering a flat, homogeneous, and isotropic model of the Fridemann-Lemaˆıtre-Robertson-Walker
(FLRW) type, with spacetime metric of the form
ds2 = −N20 (t)dt2 + a2(t) 0hijdθidθj , (2.1)
4where N0 is the homogeneous lapse function, a is the scale factor, and
0hij is the Euclidean metric. Latin indices
from the middle of the alphabet indicate spatial indices. In order to deal with spatial sections of finite fiducial volume,
we assume the spatial topology of a three-torus, with angular spatial coordinates θi that have a period equal to a
given constant l0.
1 Note that the fiducial spatial volume is then V0 = l30. Thus, we will treat l0 as a parameter of our
description that we can change at will in order to modify the fiducial volume V0. The physical volume of the spatial
sections, on the other hand, is just V = a3V0. Again, we notice that we can make the physical volume tend to infinity
while keeping the fiducial one finite by letting the scale factor become unboundedly large.
In order to provide a matter content to the model and render it nontrivial, we include a homogeneous scalar field,
φ, that will play the role of an inflaton, and will be subject to a potential V (φ). Then, the associated phase space
can be described with two canonical pairs: one for the FLRW geometry, (a, πa), and another one for the inflaton,
(φ, πφ). We adopt the notation πx to denote a canonical momentum of the generic variable x, such that their Poisson
bracket equals the unit. In the passage from the metric description of the geometry to LQC, the canonical pair of the
scale factor is replaced by another pair that corresponds to a new variable that encodes the freedom present in the
densitized triad and another conjugate variable proportional to the Ashtekar-Barbero connection [14]. The standard
choice in LQC for this new pair is (v, b/2), where v is the volume of the spatial sections up to a multiplicative constant,
and b is proportional to the Hubble parameter:
|v| = l
3
0a
3
2πGγ
√
∆g
=
V
2πGγ
√
∆g
, vb = −2
3
aπa. (2.2)
The sign of v, on the other hand, determines the orientation of the triad. In the above formulas, two parameters that
are used in LQG appear: γ is the Immirzi parameter, related to an ambiguity in the quantum representation owing to
the use of holonomies [43], and ∆g is the area gap, i.e. the minimum of the positive area eigenvalues that are allowed
by LQG [18].
In absence of any matter content other than the homogeneous inflaton, the model is subject only to one constraint,
which is a homogeneous, global Hamiltonian constraint H|0 = 0, with Lagrange multiplier given by the lapse N0, and
with
H|0 =
1
4πGγ
√
∆gv
[
π2φ − 3πGv2b2 + 8π2G2γ2∆gv2V
]
. (2.3)
In addition, the energy density ρ and pressure P of the inflaton are given by the sum and the difference, respectively,
of the kinetic and the potential energy densities:
ρ =
π2φ
8π2G2γ2∆gv2
+ V P = ρ− 2V. (2.4)
Let us consider now small anisotropies and inhomogeneities, that we view as perturbations around our FLRW
model, both in the geometry and the inflaton [21, 23, 28]. To handle the spatial dependence, we take advantage
of the background symmetries and expand the perturbations in scalar, vector, and tensor harmonics of the spatial
Laplacian, associated with the fiducial Euclidean metric [23]. Part of these perturbations are simply gauge degrees
of freedom, that arise due to the possibility of modifying the original spacetime with a perturbative diffeomorphism.
The physical information encoded in the perturbations resides in gauge invariant quantities [44]. In the considered
model, where the matter content is a matter field, the only gauge invariants are the tensor modes of the perturbations
and a linear combination of the scalar perturbations of the metric and the scalar field. In our case with flat spatial
topology, a convenient choice of this scalar gauge invariant is the so-called Mukhanov-Sasaki (MS) scalar [45–47].
In the description of these gauge invariant perturbations, one often uses the coefficients of their mode expansion
in terms of harmonics: T
(ǫ)
~k
and Q~k, respectively for the tensor and the MS modes. Here,
~k is the wavevector
of the mode, with its (Euclidean) norm k providing the corresponding wavenumber. Besides, ǫ denotes the two
possible polarizations of the gravitational tensor modes. A rescaling of these mode coefficients by the scale factor
and by suitable powers of the fiducial volume leads to new mode variables [23] that indeed satisfy equations of the
harmonic-oscillator type in General Relativity:2
d¯~k,ǫ =
aT
(ǫ)
~k√
32πGV2/30
, v¯~k =
aQ~k
V2/30
. (2.5)
1 This corrects a misprint in the previous literature (see Refs. [22, 23, 26, 40]).
2 For latter convenience, these new coefficients differ by a factor of V
−1/6
0
from those used in Refs. [37, 40]. In consonance, their respective
canonical momenta are related with those in such references by a rescaling with V
1/6
0
.
5In the conformal time defined by the choice of lapse function N0 = l0a = V1/3, and with the corresponding time
derivative denoted with a prime, one obtains the following mode equations according to the Einsteinian evolution:
d¯′′~k,ǫ +
[
V2/30 k2 +
(
2πGv
γ2∆g
)2/3 (
b2 − 8πGγ2∆gV
)]
d¯~k,ǫ = 0, (2.6)
v¯′′~k +
[
V2/30 k2 +
(
2πGv
γ2∆g
)2/3 (
b2 − 8πGγ2∆gV
)
+ UMS
]
v¯~k = 0, (2.7)
where the extra term in the equation of the scalar modes, that we will call the MS potential, is given by the expression
UMS =
(
2πGγ
√
∆gv
)2/3 [
V,φφ + 8
πφ
vb
V,φ + 48πGV − 128π
2G2γ2∆g
b2
V 2
]
. (2.8)
For the scalar field potential, the comma followed by φ denotes the derivative with respect to the inflaton.
In the following we will use the name time-dependent mass to refer to the k-independent term that multiplies
the mode variable in our equations of harmonic-oscillator type. The difference between the scalar and the tensor
time-dependent masses is precisely the MS potential. Besides, a simple computation shows that the tensor mass can
be rewritten in the alternative forms:(
2πv
γ2∆g
)2/3 (
b2 − 8πGγ2∆gV
)
= −(2πGγ
√
∆g)
2/3
{
|v|1/3
{
|v|1/3, H|0
}
, H|0
}
= −a
′′
a
. (2.9)
Here, curved brackets denote Poisson brackets.
At this point of our analysis, we emphasize that, if we insist in adopting the rescaled variables v and b of LQC,
as well as the rescaled coefficients introduced for the perturbations, the only dependence on the fiducial volume that
might survive in the mode equations is that appearing in the term that contains the square wavenumber. Nonetheless,
this wavenumber is defined as the norm of the eigenvalues of the Laplace-Beltrami operator for the metric of the three-
torus with fundamental period equal to l0 = V1/30 . Therefore, we get that k = 2π|~n|V−1/30 for any integer vector ~n. As
a consequence, the term V2/30 k2 is in fact also independent of the fiducial volume. However, we see that this term is
quantized, namely, it only can equal the square norm of an integer vector multiplied by 4π2. Strictly speaking, if we
then take the limit of infinite fiducial volume, the relevant mode spectrum remains discrete. Actually, this is what we
should expect, because the formalism must be independent of the value of the fiducial volume, and for finite values
the spectrum of the Laplace operator is not continuous. As we will show later in our discussion, this apparent tension
does not pose a serious problem, and one can still find alternative roads to the continuum picture for the perturbative
modes.
B. The perturbed system in LQC and its effective description
In the hybrid approach to LQC [39, 48], one adopts the following strategy to study our cosmological system. The
action of the perturbed cosmology is truncated at quadratic perturbative order, regarding the homogeneous variables
as zero modes that are treated exactly at that truncation order. The truncated system inherits a symplectic structure
and constraints from General Relativity [22, 23]. In fact, one can find a canonical set of variables for the entire
system so that the perturbations are described by the linear perturbative constraints, their associated gauge degrees
of freedom, and a complete set of gauge invariants like, e.g., the tensor and the MS mode coefficients that we have been
using in our discussion, together with canonical momenta for them. To preserve the canonical structure of the whole
system, including the homogeneous sector, one needs to correct the zero modes with suitable quadratic contributions
of the perturbations. These corrections can be viewed as a kind of backreaction in our definitions. Replacing the
original zero modes with the new ones, the treatment of the cosmological model and the formulation that we have
explained in the previous subsection continues to be valid [23]. Furthermore, in those interesting situations where the
backreaction is not relevant, the old and new zero modes may be identified without any physical consequence.
Employing this canonical description, it becomes clear that physical quantum states can depend only on zero modes
and perturbative gauge invariants. In the hybrid approach, these states are still subject to a global constraint, that can
be understood as the zero mode of the gravitational Hamiltonian constraint, truncated at quadratic perturbative order.
It is given by the sum of a term that is formally identical to the homogeneous constraint H|0 and the contributions of
the tensor and MS Hamiltonians, that we will call TH|2 and
sH|2, respectively, and that are quadratic in the gauge
invariant perturbations [23]. We recall that these Hamiltonians generate the dynamical evolution of the tensor and
6MS perturbations in General Relativity. In order to find solutions to this global constraint that can be of physical
interest, one usually introduces an ansatz of separation of variables, so that one can factorize the dependence of the
quantum states on the FLRW geometry and on each of the different gauge invariant modes. In this ansatz, each
partial wavefunction of the quantum state is allowed to depend on the inflaton, that is therefore employed as an
internal time of the system to which one can refer the evolution of each part of the state.
The part that contains the FLRW geometry is quantized according to the rules of LQC. In particular, it is common
to adopt a representation in which the volume variable v acts by multiplication. However, a characteristic of LQC is
that the connection-like variable b cannot be promoted directly to an operator, but has to be represented in terms of
holonomies. The edges on which one defines these holonomies for the homogeneous geometry are chosen according to
the so-called improved dynamics proposal [18]. The corresponding holonomy elements can be shown to be imaginary
exponentials of b/2. As a result, the term b2 that appears inH|0 is replaced with the square sinus of b in the quantization
process. This square sinus introduces superselection sectors in the support of the states of the FLRW geometry in
the v-representation, each of these sectors admitting a countable basis of eigenstates of v [18, 19].3 Returning to the
full perturbed system and its remaining global constraint, in the hybrid quantization one also promotes to operators
the coefficients of the tensor and MS Hamiltonians that depend on the FLRW geometry, adopting again the rules of
LQC. This representation is constructed respecting the superselection sectors of the homogeneous geometry [23], in
consonance with the idea that the gauge invariant modes are mere perturbations.
In the same spirit, it is common to assume that the interaction with the perturbations does not produce significant
changes in the quantum state of the FLRW geometry. With the ansatz of separation of variables and this assumption,
it is not difficult to derive equations for the evolution of the gauge invariant perturbations [23, 25, 37]. The dynamical
equations that one obtains for the perturbative modes in this way are very similar to those displayed in Eqs. (2.6)
and (2.7), but with a modified time-dependent mass for the tensor and for the scalar gauge invariants. The new
masses are in fact provided by (ratios of) expectation values of quantum operators on the quantum state of the
homogeneous geometry. In this manner, quantum effects are incorporated into the dynamical description of the
primordial perturbations. Moreover, from the fact that the classical time-dependent masses had been defined without
any reference to the fiducial volume using the geometric variables v and b, and that the quantization of these variables
in (hybrid) LQC respects the independence on the fiducial structure [23], it turns out that the situation with respect
to this invariance is the same that we encountered above.
Let us focus on the scenario that has been discussed in more detail in the literature, namely, we will restrict
our attention to quantum states of the FLRW geometry that are (approximate) solutions of homogeneous LQC, so
that the effect of the perturbations on them is negligible, i.e. the backreaction of the perturbations can be ignored.
Furthermore, we will consider states that are peaked on trajectories of the effective dynamics for homogeneous LQC
mentioned in the Introduction [14, 18]. These trajectories are generated, rather than by the classical constraint H|0,
by the effective counterpart Heff|0 that one obtains with the replacement of b
2 with sin2 b, originated in the description
with holonomies. Explicitly,
Heff|0 =
1
4πGγ
√
∆gv
[π2φ − 3πGv2 sin2 b+ 8π2G2γ2∆gv2V ]. (2.10)
For sufficiently concentrated states, a good approximation consists in substituting the quantum expectation values by
their evaluation on the peak trajectory, i.e. on the effective solution. When one does so, the resulting time-dependent
masses are similar to those of the classical case, except for the following [40]. First, we consider the tensor mass. In
the hybrid approach, this mass is expressed in terms of canonical geometric variables until the very end, and only
then is evaluated on effective trajectories. Therefore, it is easy to convince oneself that this mass is equal to
− (2πGγ
√
∆g)
2/3
({
|v|1/3
{
|v|1/3, H|0
}
, H|0
})
eff
=
(
2πv
γ2∆g
)2/3 (
sin2 b− 8πGγ2∆gV
)
, (2.11)
the difference with respect to the classical expression consisting just in the final evaluation on a solution of the effective
dynamics, instead of an Einsteinian solution. Second and last, the scalar time-dependent mass presents additional
changes, because the MS potential is modified [40], becoming now
U¯MS =
(
2πGγ
√
∆gv
)2/3 [
V,φφ +
4πφ
v
sin(2b)
sin2 b
V,φ + 48πGV − 128π
2G2γ2∆g
sin2 b
V 2
]
. (2.12)
3 Furthermore, in the prescription put forward in Ref. [19], the semi-axes of positive and negative v become disconnected by the action
of H|0, whereas the authors of Ref. [17] consider only states that are symmetric under a parity transformation, that changes the sign
of v. In both cases, therefore, one can restrict all considerations in practice to, e.g., the sector of positive v.
7The ratio of sine functions in U¯MS appears because, as we already explained, in the hybrid quantization one must
adopt a prescription that respects the homogeneous superselection sectors, and the operator corresponding to sin b
does not have this property. However, both its square and sin (2b) fulfill the requirement [23].
Finally, for the sake of completeness, it is worth commenting on the situation that one finds if one does not adopt the
hybrid approach, but adheres to the dressed metric approach to LQC [28]. In that case, one first imposes as a quantum
constraint the contribution to the zero mode of the Hamiltonian corresponding to homogeneous LQC, H|0. Hence,
no backreaction is contemplated. Peaked solutions of this constraint determine then a dressed metric, characterized
by a few expectation values of geometric operators. This dressed metric incorporates quantum corrections, because
the peak trajectory departs in general from the solutions of General Relativity. Such a homogeneous peak trajectory
is then lifted to the truncated perturbative phase space [28], obtaining dynamical equations for the tensor and MS
modes. With the scaling of the mode coefficients T
(ǫ)
~k
and Q~k (for the tensor and the MS modes, respectively) that
we already introduced in the classical treatment of the system, one arrives to propagation equations for the modes
of the perturbations that, in the corresponding conformal time, are again of harmonic-oscillator type. The difference
with respect to the classical equations is that the time-dependent masses are given by (functions of) the expectation
values on the geometry that determine the dressed metric. The similarities of these results with those of the hybrid
approach are clear. Even so, there still exist some distinctions between the final outcomes in both cases, mainly
because the strategy of the hybrid approach is intrinsically canonical, while the geometric quantities that provide the
time-dependent masses in the dressed metric approach are related by the dynamics of the peak trajectory [40].
If we concentrate our attention again on states that are considerably peaked on solutions of the effective dynamics
of LQC, the expectation values that determine the dressed metric, and the time-dependent masses in turn, can be very
well approximated by their value on the peak trajectory. In this effective regime, the differences in the time-dependent
masses with respect to the classical and the hybrid cases are again twofold. First, the tensor mass becomes
− (2πGγ
√
∆g)
2/3
{
|v|1/3
{
|v|1/3, Heff|0
}
, Heff|0
}
, (2.13)
because the dynamics of the dressed geometry is generated by the effective Hamiltonian [40]. And second, the MS
potential is changed to
W¯MS =
(
2πGγ
√
∆gv
)2/3 [
V,φφ − 2
√
fV,φ + fV
]
, f =
48πGπ2φ
π2φ + 4π
2G2γ2∆gv2V
. (2.14)
In fact, the sign of
√
f in this potential must be chosen to coincide with the sign of πφ/πa in order to get results
compatible with General Relativity [40, 49, 50].
We end by noticing that, as expected, the time-dependent masses of the dressed metric approach do not display
any dependence on the fiducial volume when one adopts the description in terms of the geometric variables v and b.
In this sense, the situation with respect to the invariance of the mode equations under a change of fiducial cell can
be considered parallel to that found in the classical and hybrid formulations.
III. RESCALING OF THE PHYSICAL VOLUME AND CONTINUUM LIMIT FOR THE MODES
We are now in an adequate position to discuss the limit of a continuous spectrum of modes. The key observation
is that the time-dependent mass of the perturbations is homogeneous of degree 2/3 in the volume variable v. In the
effective regime, this is easily seen for the tensor perturbations using the right-hand side of expression (2.11). Besides,
at the order of our perturbative truncation and as far as the dynamical equations of the modes are concerned, we can
use the effective constraint (2.10) to check that the inflaton momentum scales like the volume v. As a consequence,
it follows that the MS potential (2.12) has indeed the same behavior with respect to scalings of v as the tensor mass.
On the other hand, our dynamical equations for the modes are defined with respect to a conformal time, which is
obtained with a choice of the lapse function that scales like v1/3. Therefore, the second derivative with respect to this
time has the same homogeneity properties as the time-dependent mass, namely, it changes as v to the power 2/3. In
total, if we extract from v a (c-)number vR and adjust the conformal time consequently, the mode equations remain
formally the same except for the term that is proportional to the square wavenumber, that gets a relative factor of
v
−2/3
R compared to the rest of contributions.
It is easy to convince oneself that, by means of this rescaling of the physical volume variable, we pass in practice from
wavevectors that are given by any (nonzero) integer vector ~n multiplied by 2π to a rescaled sequence of wavevectors
of the form 2π~nv
−1/3
R . This rescaling can be used with a double purpose.
On the one hand, we can absorb a global scale in the definition of the physical volume. For instance, we can take vR
equal to the expectation value of v when the quantum bounce occurs in the FLRW state, namely when the minimum
8expectation value of v is reached in the evolution. For the peaked states that we are considering, it is well known
that this bounce corresponds to a maximum of the energy density of the inflaton, that takes then a universal value
equal to ρmax = 3/(8πGγ
2∆g) [14, 18]. By identifying vR with the volume v at the bounce, we are simply rescaling
v so that its (expectation) value becomes equal to the unit when the bounce happens. Other choices are identically
acceptable. By obvious reasons, one may prefer to set equal to one at the bounce the genuine physical volume V ,
which (for states with positive triad orientation) differs from v by the multiplicative constant 2πGγ
√
∆g [see Eq.
(2.2)]. Another appealing alternative would be to set the actual physical volume equal to one by choosing vR to
coincide with the (expectation) value of V = 2πGγ√∆g|v| at the present instant of time.
On the other hand, we can employ the considered rescaling to reach at last the desired continuum limit for our
spectrum of perturbative modes. Once we have factored out vR in the volume v, we can let this (c-)number tend
to infinity. The spacing between components of the allowed wavevectors, equal to 2πv
−1/3
R , would then tend to zero,
and the limit of 2π|~n|v−1/3R for unboundedly large |~n| would take all possible positive values, leading indeed to a
continuous picture. From this perspective, while the description of the perturbed system has been made independent
of the fiducial volume by construction, the continuum limit is attained in Fourier space by exploiting the behavior
under rescalings of the physical volume.
Let us emphasize that, in this continuum limit, the mode equations become independent of the global scale vR, as it
should happen in the case with flat topology that we are discussing. In addition, the constraint (2.10) guarantees that
the effective homogeneous solutions are insensitive to that scale, as far as the inflaton momentum is rescaled in the
same way as the volume v. This guarantees that the solutions can be constructed consistently using the constraint
after having set the volume v equal to any specified constant at a given instant of time, along the lines that we
explained above.
In order to check the validity of this continuum limit, let us also analyze the behavior of the tensor and MS
Hamiltonians of the gauge invariant perturbations. Their respective expressions, in the effective LQC regime that we
are considering, are the following [23, 25]:
THeff|2 =
∑
~n,ǫ
TH
k(~n),ǫ
|2,eff ,
sHeff|2 =
∑
~n
sH
k(~n)
|2,eff , (3.1)
TH
k(~n),ǫ
|2,eff =
1
(16πGγ
√
∆g|v|)1/3
([
k(~n)2 +
(
2πGv
γ2∆g
)2/3
(sin2 b− 8πGγ2∆gV )
]
|d¯~k,ǫ|2 + |πd¯~k,ǫ |
2
)
, (3.2)
sH
k(~n)
|2,eff =
1
(16πGγ
√
∆g|v|)1/3
([
k(~n)2 +
(
2πGv
γ2∆g
)2/3
(sin2 b− 8πGγ2∆gV ) + U¯MS
]
|v¯~k|2 + |πv¯~k |2
)
. (3.3)
We use the notation ~k(~n) = 2π~n, with k(~n) its norm, and the sum over modes is made by summing over all (nonzero)
integer vectors ~n and over the two polarizations in the case of the tensor modes. If we extract vR from v, as we discussed
above, the wavevectors ~k(~n) get replaced in practice by new ones, ~kR(~n) = 2π~nv
−1/3
R . With this replacement, the
configuration and momentum parts of the tensor and MS Hamiltonians (in the effective regime) become homogeneous
functions of vR, but with different degrees of homogeneity. To get the same degree in both types of contributions, we
simply redefine
d¯k(~n),ǫ =
d˘k(~n),ǫ
v
1/6
R
, v¯k(~n) =
v˘k(~n)
v
1/6
R
, πd¯k(~n),ǫ = v
1/6
R πd˘k(~n),ǫ , πv¯k(~n) = v
1/6
R πv˘k(~n) . (3.4)
Note that this redefinition does not affect the linear equations of motion for the modes.
In terms of these new variables for the perturbations, it is straightforward to check that the individual mode
contributions to the tensor and MS Hamiltonians become homogeneous of degree equal to zero in vR. On the other
hand, notice that the spacing between the components of the rescaled wavevectors ~kR is 2πv
−1/3
R . Therefore, to
transform the sum over modes in our Hamiltonians directly into a (Lebesgue) integral over real (three-dimensional)
wavevectors in the continuum, the sum over ~n must absorb a factor (2π)3v−1R , for instance from a rescaling of the
lapse function, or equivalently by redefining the time coordinate in which our Hamiltonians generate the dynamics.
In this manner, one finally gets a well-defined continuum limit for the Hamiltonians of the perturbations, in which
the sum over discrete modes becomes an integral over continous real modes. As a side remark, we point out that the
rescaling of the lapse to produce the factor v−1R is also needed in the homogeneous sector if we want its dynamics
to be independent of this (c-)number, because the Hamiltonian (2.10) is homogeneous of degree one in v provided
that the inflaton momentum scales also as v in the analyzed trajectories (even if these did not happen to be exact
homogeneous solutions).
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effective regime for the homogeneous sector of the system. Instead, the important point is the homogeneity of the
time-dependent masses, and of the second derivative with respect to the conformal time, in the dependence on v, with
homogeneity degree equal to 2/3. Therefore, our discussion is applicable beyond the effective regime provided that
such a homogeneity is valid for the (ratios of) expectation values that determine the time-dependent masses and the
change to the conformal time.
Moreover, the same rationale continues to be valid in the case of the classical counterpart of the system, as well as
in the dressed metric approach to LQC, if we insist in a description in terms of the geometric variables v and b. In
the classical treatment, this can be easily checked from the left-hand side of Eq. (2.9) and the expression of the MS
potential in Eq. (2.8) which, together with the homogeneous Hamiltonian (2.3), guarantee again the homogeneity
of degree 2/3 in v of the time-dependent masses. Remarkably, the same result still applies to the dressed metric
approach if one takes into account the corresponding Eqs. (2.13) and (2.14), together with the effective Hamiltonian
(2.10).
We conclude by remarking that the restriction to compact spatial sections has fundamental advantages, while being
compatible with the recovery of a well-defined continuum limit in Fourier space. This compactness ensures that the
zero modes are isolated in the spectrum, allowing a distinguished treatment for them in the perturbative truncation
and facilitating a way to avoid infrared divergences.4
IV. RESCALING OF THE FIDUCIAL VOLUME AND CONTINUUM LIMIT FOR THE MODES
Let us now explore an alternate route to the continuum limit for the perturbative modes based on constant scale
transformations of the fiducial volume. This route rests on the use of variables that do not rescale with that auxiliary
volume, so that the corresponding Poisson brackets vary with changes of the fiducial structure. In fact, this alter-
nate route has been traditional in geometrodynamics. Here, we will investigate its implementation in LQC and its
limitations.
If one does not use homogeneous variables that rescale with the fiducial volume, this volume can be extracted from
the action as a global multiplicative factor. This factor can be absorbed by redefining the fundamental action constant
of the theory (e.g. the Planck constant), so that the effective constant becomes equal to the ratio of the original one
by the fiducial volume. In the kind of gravitational systems that we are studying, this has two effects. First, it
produces a rescaling of the symplectic structure. Then, the variables of the system do not need to be rescaled in order
to remain canonical when the fiducial volume changes, because this change is effectively absorbed in the symplectic
structure, and thus in the Poisson brackets that this structure determines. Second, the Lagrange multipliers of all the
constraints get redefined as well, so as to compensate the changes of the fiducial volume.
In the case of our perturbed system, an adequate set of canonical homogeneous variables with the rescaled symplectic
structure is {vˇ, b/2, φ, πˇφ}, where
vˇ =
v
V0 , πˇφ =
πφ
V0 . (4.1)
For the gauge invariant perturbations, a careful calculation shows that the rescaling of the symplectic structure gets
compensated by the passage from discrete modes, with nontrivial Poisson brackets in the form of Kronecker deltas,
to continuous modes, with Dirac deltas. Keeping this result in mind, we simply change of discrete canonical pairs
before taking the limit to a continuum of modes:
dˇ~k,ǫ = V
1/6
0 d¯~k,ǫ, πdˇ~k,ǫ
=
πd¯~k,ǫ
V1/60
, vˇ~k = V
1/6
0 v¯~k, πvˇ~k =
πv¯~k
V1/60
. (4.2)
Expressed in terms of these variables, the time-dependent mass is equal to V2/30 times a quantity that is independent
of the fiducial volume, both for the tensor and the MS perturbations. This statement is valid for the hybrid and the
dressed metric approach to LQC (at least in the analyzed effective regime), and in the genuine classical version of
the model as well. Moreover, according to the philosophy of employing quantities that are independent of the fiducial
volume, let us change from the conformal time employed so far in our dynamical equations to the conformal time
determined by the scale factor of the model. Notice that the difference between the old and the new conformal times
is a multiplicative constant, and that the relation of the new conformal time with the proper time is independent
4 For a discussion of the infrared problems in the continuum and the possible regularization procedures, see e.g. Ref. [31].
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of the fiducial volume. Our change affects the second time derivatives in our equations of harmonic-oscillator type,
multiplying those derivatives by the factor V2/30 , exactly as we found above for the time-dependent mass. Then, we
conclude that the wavenorm that contributes with its square in our equations, once we have divided them by V2/30 to
eliminate a global spurious factor, is k = 2π|~n|V−1/30 . Thus, we can attain the continuum limit in the spectrum of the
perturbations by taking the limit of infinite fiducial volume, V0 →∞.
Let us consider the behavior of the different individual Hamiltonians present in the system, and let us show that,
in the continuum limit, they scale in fact with the same power of the fiducial volume if we use the new variables
introduced in this section. The resulting power of V0 can then be absorbed with a single, common redefinition of
the lapse function. For the zero modes of the model, it is easy to check from Eq. (2.10) [or from Eq. (2.3) in the
classical system] that the homogeneous Hamiltonian scales like V0. In the case of the tensor and MS Hamiltonians, the
expressions for hybrid LQC in the effective regime can be found in Eqs. (3.1)–(3.3). These expressions are independent
of V0 when we use the mode variables (4.2), except the term that goes with the square of the wavenumber. Apart from
a multiplicative constant, we can reinterpret this term as the square norm of the wavevector ~k = 2π~nV−1/30 , which
varies with the fiducial volume. Nonetheless, in spite of the apparent independence on V0 of the rest of individual
terms, the sums over integer vectors ~n need to absorb a factor V−10 to have a well-defined continuum limit, that
reproduces the continuous integrals over real modes ~k, as we explained in the previous section. In this way, we
conclude that the Hamiltonians of the gauge invariant perturbations have a well-defined homogeneity behavior with
respect to V0 in the continuum limit, and that this behavior is indeed the same that we obtained for the homogeneous
Hamiltonian, namely a linear rescaling.
As a possible shortcoming of the use of rescalings of the fiducial volume to pass to the continuum limit in Fourier
space, we note that, in addition to the introduction of a symplectic structure that varies effectively with the fiducial
scale, one still has to deal with rescaling transformations of the physical volume in the system reached in the continuum,
since these transformations have not been taken into account yet.
Finally, let us recall that the time-dependent masses maintain the same scaling behavior under changes in V0 in
the corresponding classical version of our model and in the dressed metric approach to LQC (in the effective regime).
Therefore, the linear scaling behavior that we have found in our continuum limit is valid as well for the classical
and the dressed metric formulations, because the tensor and MS Hamiltonians in each of these counterparts of our
system differ from the hybrid Hamiltonians only in the time-dependent masses [e.g., the classical Hamiltonians for
the perturbations are given by Eqs. (3.2) and (3.3) with the replacements sin 2b → b2 and U¯MS → UMS ], but this
discrepancy does not alter the scaling properties.
V. CONCLUSION
We have considered primordial perturbations in LQC around a flat FLRW cosmology and discussed the route to
the continuum for the modes of those perturbations. We have focused our analysis in the hybrid approach to treat
the perturbations and considered the most interesting and studied case of an effective regime for the homogeneous
FLRW cosmology in LQC. Apart from the hybrid approach, we have commented on the extension of our arguments
for the classical version of our perturbed system and for the dressed metric approach to LQC. In our analysis of the
continuum limit for the perturbative modes, two kinds of transformations have been employed in one way or another,
namely, rescalings of the fiducial volume of the cell where the spatial integrations are performed, and rescalings of
its physical volume, which are independent of the former transformations because they involve changes in the scale
factor (or, equivalently, of the densitized triad of the homogeneous model).
We have seen that, using the standard variables v and b of LQC according to the improved dynamics prescription,
one can construct a description of the system that is invariant under rescalings of the fiducial volume. This is true
not only for the homogeneous sector of the system, but also for its gauge invariant perturbations. Nonetheless, if
one starts with perturbations defined in the fiducial cell, the description that one gets leads to perturbative modes
with a discrete spectrum that is independent of the fiducial volume. Therefore, strictly speaking, one would not
reach a continuum spectrum by letting this volume tend to infinity. In the dressed metric approach, where one first
captures the quantum behavior of the homogeneous sector in terms of a (reduced) number of expectation values on
the FLRW geometry and then lifts the dynamics of these expectation values to the truncated phase space, one might
claim that each of these two steps is made with different restrictions in the spatial section, taking first a finite cell
for the homogeneous geometry and passing afterwards to the whole of R3 in the study of the perturbations. Even
so, the process to reach the continuum would result cumbersome, and its generalization to the hybrid prescription in
LQC would not be clear. Besides, one would still have to analyze the reformulation of the system when the rescalings
of the physical volume are taken into account. With these motivations in mind, we have explored the possibility of
using precisely these latter rescalings to reach the limit of a continuous spectrum of modes for the perturbations.
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We have proven that, indeed, one can employ the scale transformations of the physical volume to attain the
desired continuum limit. This result is based on the homogeneity properties of the time-dependent masses of the
perturbations with respect to their dependence on the volume v, and on the similar homogeneity of the conformal
time that is used in the dynamical equations for these perturbations. For hybrid LQC in the effective regime, the
mass is homogeneous of degree 2/3 and the conformal time has homogeneity degree −1/3. Similar results apply to
the dressed metric approach, and to the classical counterpart of our perturbed model. Then, extracting a reference
scale from the physical volume and letting this scale tend to infinity, we have obtained the continuum limit in Fourier
space. Actually, from a mathematical viewpoint, the limit would also be well defined if the homogeneity of the time-
dependent masses is distorted with subdominant terms with respect to the used reference scale, as it would be the
case beyond the effective regime of LQC, in deeper quantum regions [23].
In general, the procedure that arises from our analysis is that we can start the treatment of the system by integrating
the spatial dependence on a compact cell with finite physical volume and, once the quantization of the model is
performed and the dynamical equations for the gauge invariant perturbations are obtained, we can use the scaling
transformations of the physical volume to define the continuum limit for the perturbative modes. This way to reach
the continuum limit has the extra advantage of eliminating any possible redundancy in rescalings of the physical
volume, showing explicitly that the resulting continuous system is invariant under changes in the choice of a reference
scale vR for this volume. This is particularly important when discussing the freedom to set initial conditions for the
corresponding dynamics, since those conditions would be independent of the reference scale, as far as physical results
in the continuum limit are concerned. In addition, we have checked that the Hamiltonians that generate the evolution
of the gauge invariant perturbations are also well defined in this limit.
For the sake of completeness, we have explored an alternative to define the continuum of modes that is often
employed in the geometrodynamic formulation of General Relativity. This alternative concentrates all the attention
on scaling transformations of the fiducial volume, and compensates the changes in this volume by modifying the
symplectic structure conveniently. This change in the symplectic structure can be thought as the result of an effective
redefinition of the fundamental action constant of the system (e.g. the Planck constant). We have checked that,
using this family of symplectic structures together with variables that do not depend on the fiducial volume (for
instance, v/V0 and b for homogeneous LQC), the perturbed system admits a well-defined continuum limit by simply
letting the fiducial volume grow to infinity. One may argue that the use of a family of symplectic structures, and
the fact that one would have still to cope with the rescalings of the physical volume in the continuous system, have
conceptual disadvantages. Nevertheless, we think that is useful to compare this route to the Fourier continuum with
the previously discussed one in order to understand the peculiarities of LQC.
Although we have restricted our analysis to flat spatial topology, there seems to be no fundamental obstruction to
start with other spatial topologies. In principle, the corresponding spatial curvature would appear in the equations
of the discrete modes, modifying the contributions of the square wavenumber (see e.g. Ref. [20, 51]). The limit of a
continuum of modes should be reached in a similar way as discussed here.
In summary, for cosmological perturbations around a flat FLRW model, and at least in the effective regime of LQC
(as well as in the counterpart of the system in General Relativity), we have seen that it is possible to conciliate the use
of a finite fiducial cell, on the one hand, with the construction of a formalism that is invariant under changes in the
fiducial volume of this cell and, on the other hand, with the availability of a continuum limit for the modes in which
the physical volume has been rescaled, for all physical purposes, by a reference volume that can be chosen freely.
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